A new probe-compensated near-field-far-field (NF-FF) transformation for aperture antennas in a cylindrical scanning geometry is presented. Such a technique takes the advantage of the NF data acquisition made according to a very efficient sampling strategy along a helix and exploits a proper aperture field expansion based on the use of the prolate spheroidal wave functions (PSWFs), accounting for the a priori information on shape and size of the antenna under test. The unknown aperture field expansion coefficients of the PSWFs are evaluated from the acquired voltage samples by an inversion process using a regularized version of the singular value decomposition method. Experimental results on connected and disconnected radiating aperture antennas, including sum and difference patterns, show the effectiveness of the approach and, in particular, how it enables a serious reduction of the measurement points without impairing the FF estimation accuracy.
Introduction
As well known, near-field-far-field (NF-FF) transformations represent nowadays a widely used technique for antenna characterization as an alternative to measurements directly performed in the far zone of the radiating system [1] [2] [3] [4] . Moreover, the pattern evaluation from NF measurements, carried out in a controlled environment (anechoic chamber), allows overcoming those drawbacks which make the measurement of the radiation pattern in a conventional FF range unpractical for electrically large antennas. In this framework, reducing the NF acquisition time is assuming an ever growing relevance for the antenna measurement community. In fact, such a time is currently very much greater than that needed to perform the corresponding NF-FF transformation.
An effective way to reduce the measurement time in a NF cylindrical facility is the use of the innovative helicoidal scanning technique [5] [6] [7] [8] [9] , which can be accomplished by means of continuous and synchronized movements of the positioning systems of the probe and antenna under test (AUT), as suggested by Yaccarino et al. in [10] . The technique in [5] [6] [7] [8] [9] relies on the "nonredundant sampling representations" of electromagnetic (EM) fields in [11] and uses optimal sampling interpolation (OSI) formulas to reconstruct the NF data required by the standard NF-FF transformation with cylindrical scanning [12, 13] . The drastic time saving so achieved is due both to the use of continuous movements and to the significantly reduced number of needed NF data. The resulting NF-FF transformation has proved to be accurate, stable, and efficient. In particular, effective AUT modellings [7] [8] [9] have been used when dealing with antennas having a predominant dimension and allowed a further reduction of needed NF data with respect to the spherical AUT modelling [5, 6] . However, when dealing with aperture antennas, such an additional a priori information available on the AUT can be conveniently exploited to provide the aperture field with an effective representation, suitably accounting for its shape and size as well as for its radiating features, thus further 2 International Journal of Antennas and Propagation reducing the overall number of parameters to be sought for and improving the achievable accuracy [14] [15] [16] .
Following the approach in [16] , herewithin, we present an approach to the near-field characterization of aperture antennas in a cylindrical geometry based on the joint use of a proper helicoidal scanning and an efficient modal representation of the aperture field leading back the NF-FF transformation to an inversion step and a prompt subsequent radiation step. More in detail, (i) the measurement voltages are acquired along a helicoidal curve determined according to the abovequoted approaches [6] [7] [8] [9] ;
(ii) the prolate spheroidal wave functions (PSWFs) [17, 18] , which are able to represent the radiative aperture field by a well-defined subspace, are employed in this paper;
(iii) the unknown aperture field expansion coefficients are evaluated from the measured voltages by an inversion process carried out by means of a regularized version of the singular value decomposition (SVD) approach (first step of the NF-FF transformation);
(iv) the radiated field is then evaluated by exploiting the link between the subspace spanned by the basis functions used to represent the aperture field and their Fourier transforms (second step of the NF-FF transformation).
It should be noticed that previous efforts have been already pursued in the literature to use the SVD in NF-FF transformations [19] . However and as well known [14] , the sinc sampling representation of the plane wave spectrum (PWS) radiated by the source is significantly suboptimal as compared to the PSWFs representation.
In contrast with [16] , the method is here presented in its complete formulation accounting also for the probe compensation, and the performance is evaluated against experimental tests involving different aperture antenna configurations, enhancing key aspects related, among others, to disconnected aperture domains and field polarization. The experimental results show the effectiveness of the technique and how much it enables to reduce the number of measurement points, leaving the performance unchanged.
The paper is organized in six sections and two appendices.
Section 2 describes the sampling strategy in [6] [7] [8] [9] for the helicoidal scanning using effective AUT modellings. Section 3 introduces the PSWF-based representation [15, 16] to be exploited in the case of connected and disconnected rectangular apertures. Section 4 describes the probecompensated inversion technique using the SVD method and the radiation procedure (steps 1 and 2). In Section 5, the experimental results obtained via the proposed technique are compared with those relevant to the helicoidal NF-FF transformations [6, 8] and to the standard NF-FF cylindrical transformation [12, 13] . Finally, in Section 6, conclusions are drawn and future developments sketched. 
Helicoidal Sampling Strategy
The voltage sampling representation on a cylinder from its samples acquired along a helix (see Figure 1 ) is summarized in the following. Let us consider an AUT, enclosed in a convex domain bounded by a surface Σ with rotational symmetry and a nondirective probe scanning a proper helix lying on a cylinder of radius d. The spherical coordinate system (r, ϑ, ϕ) is adopted to denote an observation point P. Since the voltage measured by a nondirective probe has the same effective spatial bandwidth of the AUT field [20] , the "nonredundant sampling representation" of EM fields [11] can be applied to it. Accordingly, when dealing with the voltage representation on an observation curve C, it is convenient to adopt a proper analytical parameterization r = r(η) for describing C and to introduce the "reduced voltage"
where V (η) is the measured probe voltage and ψ(η) is a proper phase function. The band limitation error, occurring when V (η) is approximated by a spatially bandlimited function, becomes negligible as the bandwidth exceeds a critical value W η [11] . Therefore, such an error can be effectively controlled by choosing a bandwidth equal to χ W η , where χ > 1 is the bandwidth enlargement factor. The unified theory of spiral scannings for nonspherical antennas [21] , obtained by paralleling the corresponding procedure based on the spherical AUT modelling [22] , allows the development of the voltage representation on the cylinder from a minimum number of its samples on the helix. To this end, it is necessary (a) to choose the step of the helix coincident with that needed for the interpolation along a generatrix;
(b) to determine an effective sampling representation along the helix.
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In particular, according to [21] , the bandwidth W η and parameterization η relevant to a generatrix and the corresponding phase function ψ are given by
where β is the wavenumber, is the length of C (intersection curve between the meridian plane and Σ), s 1,2 are the arclength coordinates of the two tangency points P 1,2 between the cone of vertex at the observation point P and C , and R 1,2 are the distances from P to P 1,2 .
The helix can be obtained by projecting on the scanning cylinder a proper spiral wrapping the surface Σ. The projection is obtained via the curves at η = const [21] . The helix step, determined by two consecutive intersections with a generatrix, is equal to the sample spacing Δη = 2π/(2N + 1) relevant to a generatrix. Note that N = Int(χN ) + 1 (Int(x) denotes the integer part of x), N = Int(χ W η ) + 1, and χ > 1 is an oversampling factor [11] , which controls the truncation error. Accordingly, the parametric equations of the helix, when imposing its passage through a given point Q 0 of the generatrix at ϕ = 0, are
where in φ is the parameter describing the helix, φ s is the value of φ at Q 0 , and η = kφ, k being a parameter related to the helix step by k = Δη/2π = 1/(2N + 1).
Let us now denote with ξ and γ the optimal parameter and the phase function, respectively, to get a nonredundant representation along the helix. They can be again determined according to [21] . In particular, ξ is β/W ξ times the arclength of the projecting point on the spiral wrapping Σ and γ coincides with the phase function ψ relevant to a generatrix, where W ξ is equal to β/π times the length of the spiral wrapping Σ from pole to pole.
By exploiting the above results, the reduced voltage at any point Q of the helix can be recovered via the OSI expansion [21] : (4) where 2p is the number of retained samples V (ξ m ), m 0 = Int[(ξ − ξ(φ s ))/Δξ] is the index of the sample nearest (on the left) to Q, and
with M = Int(χM ) + 1 and
are the Dirichlet and Tschebyscheff sampling functions, respectively, T M (·) being the Tschebyscheff polynomial of degree M = M − M and ξ = pΔξ. Expansion (4) can be properly employed to evaluate the voltage at any point P on the cylinder and, in particular, at those required to carry out the classical NF-FF transformation with cylindrical scanning [12, 13] . Indeed, it allows the evaluation of the "intermediate" samples, that is, the voltages at the intersection points of the helix with the generatrix through P. Once these samples have been determined, the reduced voltage at P can be reconstructed via the following OSI expansion [21] :
wherein
is the number of the retained intermediate samples V (η n ), and
When the AUT is a quasispherical antenna, it is convenient to consider as surface Σ the smallest sphere of radius a enclosing it. In such a case, = 2πa and η = ϑ so that W η = βa and the curves at η = const become radial lines [22] . Moreover,
and the parameter ξ describing the helix can be expressed in closed form as
In the case of elongated antennas, an effective modelling is obtained by choosing Σ coincident with the smallest prolate ellipsoid with major and minor semiaxes equal to a and b. Accordingly, the bandwidth W η , the parameterization η, and the phase function ψ are [7, 8] 
wherein λ is the wavelength and u = (r 1 − r 2 )/2 f , v=(r 1 + r 2 )/2a are the elliptic coordinates, r 1,2 being the distances from observation point P to the foci of the ellipse C and 2 f its focal distance. In the above relations, ε = f /a is the eccentricity of C and E(· | ·) denotes the elliptic integral of second kind. It is worth noting that, in such a case, the projecting curves are hyperbolas confocal to the ellipse C . Moreover, the parameter ξ, which is β/W ξ times the arclength of the projecting point on the spiral wrapping the prolate ellipsoid, and the related bandwidth W ξ must be numerically evaluated.
Aperture Field Representation
It is noted that the rationale of the technique holds for an arbitrary number of disconnected, arbitrarily shaped apertures, as well as for an arbitrarily polarized aperture field. However, in this paper, the approach will be presented in the case of two rectangular-shaped apertures. For each aperture, a separate PSWF expansion is given and the general case of an arbitrarily polarized aperture field will be considered (see Section 4). Furthermore, for the sake of simplicity, when dealing with the unknowns-to-data relation, the attention will be subsequently focused to the two cases of interest for this paper, namely, to tangential aperture field having "vertical" or "horizontal" polarization (in the meaning specified below).
Let us now formally work out the representation. As mentioned, two rectangular apertures, A 1 and A 2 , are considered, both 2a ap × 2b ap sized, with centres at a distance d a . The radiating system is centred in the Oxyz reference system (see Figure 2 ). We suppose that the aperture field E a (
As well known, the field for y > 0 is provided by the knowledge of the projection of the aperture field E a (x i , z i ) onto the aperture plane xz. Accordingly, in the former case, the field is provided by the knowledge of the function E az (x i , z i ), whereas, in the latter case, by the knowledge of E ax (x i , z i ). Therefore, just a representation either for E az ( 
Following [14] , it is convenient to represent the tangential components of the field on the disconnected aperture A = A 1 ∪ A 2 by basis functions having support on A and spectrally limited to the visible region of the radiative field. Accordingly, each of the two relevant aperture fields is represented by means of PSWF expansions, involving different expansion coefficients, that is,
where Φ i [c w , w] is the ith, 1D PSWF with "space-bandwidth product" c w [17, 18] , c x = a ap u , c z = b ap v , and u , v locate the spectral region of interest [14] , as u ≤ β and v ≤ β. In (15),
, and, in our framework, the g
pq s and g (2) pq s are the expansion coefficients to be considered as unknowns and to be determined from the knowledge of the voltages delivered by the probe when scanning the measurement curve. Moreover, the 2D PSWFs have separate support over the two apertures A 1 and A 2 and P × Q represents the number of 2D PSWFs required by each aperture.
NF-FF Transformation Technique
In this section, we first derive the link between the unknown expansion coefficients g (1) pq s and g (2) pq s and the measurement voltage V in the case of arbitrarily polarized aperture field. Then, the hypothesis of vertical or horizontal aperture field polarizations will be enforced (Section 4.1). Afterwards, the regularized SVD inversion is described (Section 4.2) and, finally, the radiation process is illustrated (Section 4.3).
Relevant Unknowns-to-Data Links.
Let us begin by observing that the contribution to the radiated electric field at the measurement point (x, y, z) due to the generic aperture element dx i dz i located at the point (x i , 0, z i ) in the aperture plane and corresponding to the aperture field E a (
where
and
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Accounting for the probe features, that is, performing the probe compensation, should be in principle carried out by exploiting the plane wave spectrum (PWS) of the radiated field and by taking into account the spectral properties of the probe effective length. However, to unburden the approach, we assume that the probe is located in the far field of the aperture element dx i dz i so that the contribution of the latter to V can be calculated as
where ϑ i and ϕ i are defined in Figure 2 and are such that
is the radius of the measurement cylinder, and h x , h y , and h z are the x, y, and z components, respectively, of the probe effective length in the Oxyz reference system.
In light of (16) and (18), the voltage V acquired by the probe and due to the whole aperture can be written as
where A = A 1 ∪ A 2 and h x , h y , and h z can be calculated (see Appendix A) according to (A.1) and (A.2). Equation (20) defines the operator linking the aperture field (and, thus, the coefficients g (1) pq s and g (2) pq s) to the measurement voltage. In the cases of vertical and horizontal polarizations, it specifies as
respectively. The components of the effective length of the probe relevant to the experimental results can be calculated according to [24] (see the Appendix A).
On using the representation (15) and on sampling V V or V H at M P points (x m , y m , z m ) of the measurement helix, (21) or (22) can be rewritten as where V is the M P × 1 vector containing the
whose generic element is detailed in Appendix B, and g is the 2PQ × 1 vector containing the following expansion coefficients:
pq
4.2. Regularized SVD Inversion. The characterization of the antenna amounts to the determination of the projection of the aperture field E a (x i , z i ) onto the aperture plane in terms of g. Unfortunately, the inversion of (23) is affected by the ill-conditioning so that a regularized approach should be exploited. A possible solution is herewithin provided by the use of the truncated singular value decomposition (TSVD), even if other regularization strategies are possible [25] .
Radiation.
Once the components of the aperture field on the xz plane have been recovered, the ϕ and ϑ components of the far-field pattern E∞(r, ϑ, ϕ) can be determined by resorting to the PWS E of the radiated field. More in detail, International Journal of Antennas and Propagation in the case of vertical polarization, the ϑ component is of interest, which can be determined as
whereas, in the case of horizontal polarization, the ϕ component of the far field is sought for, which can be determined as
In (25) and (26), u = −β sin ϑ cos ϕ, v = β cos ϑ, and w = β sin ϑ sin ϕ.
By exploiting the Fourier transform relationship between the component E t (u, v) homologous to E at , t = x, z, having determined the expansion coefficients g (1) pq s and g (2) pq s, exploiting the properties of the PSWFs [17, 18] , E t (u, v) can be calculated as
and λ i (c w ) is the eigenvalue corresponding to the ith, 1D PSWFs. Obviously, as an alternative to (27) and (28), E t (u, v) can be evaluated by fast routines for the calculation of the Fourier transform provided that they are available.
Experimental Results
The approach described in the previous section has been experimentally validated in the anechoic chamber available at the Antenna Characterization Lab of the University of Salerno, which is provided with a NF facility system supplied by MI Technologies. The dimensions of the chamber are 8 m× 5 m× 4 m. Pyramidal absorbers are positioned in order to minimize the reflections. The chamber is equipped with a vertical scanner and a rotating the range from 40 MHz to 20 GHz. An open-ended MI-6970-WR90 rectangular waveguide, whose end is tapered for minimizing the diffraction effects, is used as probe. A pictorial view of the measurement system is reported in Figure 3 .
The measurements, performed at 10 GHz, refer to three test cases: a single horn with vertical polarization, a dual horn with vertical polarization for the case of sum pattern, and a dual horn with horizontal polarization for the two cases of sum and difference patterns.
The first case is considered to show the performance of the method when, at variance with [16] , probe compensation is applied. The second case extends the first one to a configuration with two disconnected rectangular apertures. Finally, the third case is introduced to evaluate the performance of the approach in dependence on the polarization and on the radiated beam configuration (sum, difference).
The performance of the approach is benchmarked against the effective techniques in [6] [7] [8] based on the sampling representation of the near field, with the aim of showing how the developed approach is capable to reduce the number of required measurements, at the cost of being able to reconstruct the far-field pattern in the only y > 0 half space. All the presented results concerning the approaches in [6] [7] [8] are probe compensated. The presented method has been applied to a set of NF data obtained from the original 1922 NF points by first rejecting all those points falling outside an azimuthal angle of 170
• in front of the AUT and then by decimating by a factor of two the remaining ones. A resulting set of 453 points has been exploited, and an aperture field expansion involving a number of P × Q = 14 × 12 PSWFs has been considered. Figure 4 depicts the behavior of the singular values of the matrix T. For this and all the other experimental test cases, the TSVD has been implemented by cutting all the singular values below a threshold set at −40 dB below the maximum one. As it can be seen, only few singular values are dropped and the problem ill-conditioning is not critical for this case. Figures 5 and 6 show ϕ and ϑ cuts of the ϑ component of the far field retrieved by the proposed approach and that obtained by the approach in [6, 22] . The agreement between the far field predicted by the approach in [6, 22] and direct far-field measurements has been already reported in [6, 16] . At variance with the results shown in [16] , where probe compensation was disregarded, in Figures 5 and 6 , probe compensation has been applied for our approach. As can be seen, despite the significant reduction of the number of NF measurement points, the proposed approach still guarantees accurate results, when the interest is focused on the pattern radiated in the front of the AUT, as in the considered case of aperture antennas. On the contrary, the approach in [6, 22] , even if it requires a greater number of NF data, allows the reconstruction of the complete azimuthal pattern.
Dual Horn: Vertical Polarization.
Experimental results relevant to the characterization of an X-band, dual pyramidal horn antenna with vertical polarization are now illustrated. Each horn has a 2a ap × 2b ap = 0.089 m × 0.068 m sized aperture, and the centre-to-centre distance d a between the apertures is 0.265 cm (see Figure 7) . The NF data have been acquired on a helix wrapping a cylinder with radius d = 0.196 m and height h = 2.40 m. A number of 1946 NF samples has been collected all around the AUT to apply the technique in [7, 8] . As before, the presented approach has been applied to the original set of NF data after having rejected all the points falling outside an azimuthal angle of 170
• in front of the AUT and then decimating the remaining points by a factor of 2, thus obtaining 461 near-field samples. The aperture field expansion has comprised a number of P×Q = 12×9 PSWFs for each one of the radiating apertures. Finally, for the sake of comparisons, NF data have been acquired on the classical cylindrical grid to get the far field via the probe-compensated NF-FF transformation [13] . In this case, a number of 6440 NF samples has been required. Figure 8 displays the behaviour of the singular values of T for the considered case. As it can be seen, now many more singular values fall below the −40 dB threshold and so the problem ill-conditioning is more critical as it occurred for the foregoing case. This can be mainly ascribed to the mismatch between the spheroidal modelling of the source employed to determine the field sampling and the planar, disconnected modelling of the source, detailed in Section 3, and used to perform the inversions.
Figures 9 and 10 compare the ϕ and ϑ cuts of the ϑ component of the far fields obtained by applying the proposed approach with those relevant to the techniques in [7, 8] and [13] . As can be seen, despite the significant reduction in the number of employed NF samples, the presented approach still guarantees accurate results when recovering the radiated field in the only y > 0 half space. On the other side, although requiring a larger number of NF samples, the approach in [7, 8] allows the reconstruction of the full azimuthal pattern, but with a remarkably smaller number of samples as compared to the standard, probecompensated NF-FF transformation [13] . In order to highlight the need for compensating the receiving features of the probe, in Figures 11 and 12 , we show the same results as for Figures 9 and 10 , but now when our approach has been applied without any probe compensation. This can be accomplished by setting h y = h z = 1 in (21) . As can be seen, the result worsens, almost entirely for the ϑ cut only. This can be expected since, when the probes rotate around the AUT for a fixed z (and thus move along the ϕ coordinate), each elementary contribution to the radiated field (see (16) ) impinges on the probe itself approximately under the same azimuthal angles so that the elementary contribution to the received voltage (see (18) ) experiences approximately the same receiving features of the probe (see Figure 13 ). On the other side, when the probe moves along the z coordinate for a fixed ϕ, the elementary field contributions in (16) angles so that they experience significantly different receiving features of the probe, which should be then compensated (see Figure 13 ). [7, 8] , whereas the presented approach has been applied to such a data set by retaining all the points within an azimuthal angle of 170
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• in front of the AUT and then decimating them by a factor of 2, obtaining 399 NF samples. A number of P × Q = 9×12 PSWFs for each one of the radiating apertures has been searched for.
The two cases of a sum pattern and of a difference pattern have been dealt with. They have been obtained by setting "inphase" and "out-of-phase" the aperture fields by properly exploiting a Magic-Tee. Figures 14 and 15 compare the ϕ and ϑ cuts, respectively, of the ϕ component of the far fields obtained by the approach in [7, 8] and by the presented one in the case of sum pattern. The results obtained by the approach in [7, 8] have been already validated for this case in [8] also via direct FF measurements. As it can be seen, again despite the significant reduction in the number of employed NF samples, the presented approach still guarantees accurate results in recovering the radiated field in the only y > 0 half space. For reader's convenience, Figure 16 shows the amplitude and phase of the aperture field for the domain A = A 1 ∪ A 2 which appears to be "in-phase," and Figure 17 shows a 2D image of the ϕ component of the radiated field in the spectral, uv plane.
Finally, Figure 18 shows the good agreement between the ϑ cut of the ϕ component of the far fields obtained by the two compared approaches in the case of difference pattern, where the results obtained by the approach in [7, 8] have been already validated in [8] for this case. The ϕ cut is not shown since it is obviously vanishing. Furthermore, Figure 19 displays the amplitude and phase of the aperture field for the domain A = A 1 ∪ A 2 which now appears to be "out-of-phase," whereas Figure 20 shows a 2D image of the ϕ component of the radiated field in the spectral, uv plane.
Conclusions and Future Developments
In this paper, a new NF-FF transformation technique for the characterization of aperture antennas in a cylindrical geometry has been proposed. The approach exploits a fast scanning strategy based on a "nonredundant sampling representation" of the near field and on synchronous movements of probe and AUT. It allows the characterization of aperture antennas, even with disconnected apertures, and conveniently exploits the available a priori information on the AUT shape and size. The technique performs also a proper compensation of the probe effects and exploits a regularized version of the SVD approach.
The experimental analysis performed on single or dual horn antennas, involving different aperture field polarizations and beam configurations (sum, difference), and the comparisons with the effective approach in [6, 8] have highlighted that the proposed technique requires a significantly lower number of NF samples to guarantee an accuracy comparable to that in [6, 8] , when the interest is focused on the pattern radiated in the half space in front of the AUT. Of course, the approach in [6, 8] , even if in need for a greater number of NF data, allows the reconstruction of the full azimuthal pattern.
Future developments of the presented technique regard extensions to (i) different scanning configurations, for example, planar spiral scanning [26] ;
(ii) different shapes for the AUT apertures (e.g., circular [27] ).
Appendices

A. Probe Compensation Formulas
The components h x , h y , and h z can be related to the Cartesian components h x , h y , and h z of the probe effective length in the Ox y z probe reference system as ( Figure 2 )
where cos ϕ = x/d, sin ϕ = y/d, and the Ox y z probe reference system is understood to be oriented so that the probe aperture is centered in the y z plane, while the x axis points towards the z axis. The components h x , h y , and h z , The probe employed in this paper for the measurements is an a × b sized open-ended rectangular waveguide [24] . The dimensionless components h ϑS and h ϕS of the probe effective length in the Ox s y s z s reference system, the same employed in [24] where ϑ S and ϕ S are the ϑ and ϕ coordinates of the corresponding reference system, k TE10 is the propagation constant of the TE 10 propagation mode of the a × b sized rectangular waveguide, and Γ is the reflection coefficient of the TE 10 mode from the end of the waveguide, whose value at 10 GHz has been measured in [24] and is approximately equal to 0.0603 + j0.2837. Moreover, C 0 is a real constant whose value (0.129) has been numerically evaluated according to [24] . During the scanning, the probe is oriented so that the electric field polarization for the TE 10 mode matches the polarization of the aperture field of interest for the AUT (i.e., vertical or horizontal).
